First we introduce the notion of a "front hypersurface" by the property that the Nash modification projects to the hypersurface itself finitely to one. The Nash modification, in this case, is the closure of the lifting of the regular points set to the projective cotangent bundle of the manifold where the hypersurface lies in: The projective cotangent bundle is identified with the totality of contact elements (tangent hyperplanes) of the base space and it has the natural contact structure [A] [SI]. The tangent hyperplanes to the regular points of a front hypersurface form a Legendre submanifold, that is, the maximal dimensional integral submanifold of the contact distribution defined over the projective cotangent bundle and the closure of this natural lifting might be regarded as a Legendre variety. In fact, a definition of Legendre variety is that it contains an open dense Legendre submanifold. The Legendre variety thus obtained by Nash modification has singularities in general. If the Nash modification is non-singular, then the hypersurface turns out the projection of a Legendre submanifold. Then the front hypersurface is called a wave front set [A][Z1]. Remark that, for a generic Legendre submanifold, the projection is finite to one. In the above definition of front hypersurfaces we allow singularities for Nash modification, and to make the definition non-trivial, we add the finiteness condition. (See [LT] for the general theory of limits of tangent spaces.)
Introduction
Legendre varieties and Lagrange varieties appear in many areas, for instance, geometric optics [A] [J2], generalized Cauchy problem for Hamilton-Jacobi equations [G2] [13], projective geometry [SI] , microlocal analysis [P] [DP] , moduli problem of vector bundles on complex surfaces [Y] , symplectic topology [Gl] and so on.
In this survey we treat Legendre and Lagrange varieties admitting some parametrizations in complex analytic or C°° category. Then our study fits with the framework of the theory of singularities of differentiate mappings [AGV] [B] [D] [GWPL] [W] .
First we introduce the notion of a "front hypersurface" by the property that the Nash modification projects to the hypersurface itself finitely to one. The Nash modification, in this case, is the closure of the lifting of the regular points set to the projective cotangent bundle of the manifold where the hypersurface lies in: The projective cotangent bundle is identified with the totality of contact elements (tangent hyperplanes) of the base space and it has the natural contact structure [A] [SI]. The tangent hyperplanes to the regular points of a front hypersurface form a Legendre submanifold, that is, the maximal dimensional integral submanifold of the contact distribution defined over the projective cotangent bundle and the closure of this natural lifting might be regarded as a Legendre variety. In fact, a definition of Legendre variety is that it contains an open dense Legendre submanifold. The Legendre variety thus obtained by Nash modification has singularities in general. If the Nash modification is non-singular, then the hypersurface turns out the projection of a Legendre submanifold. Then the front hypersurface is called a wave front set [A] [Z1]. Remark that, for a generic Legendre submanifold, the projection is finite to one. In the above definition of front hypersurfaces we allow singularities for Nash modification, and to make the definition non-trivial, we add the finiteness condition. (See [LT] for the general theory of limits of tangent spaces.)
We utilize parametrizations of varieties to formulate the notion above mentioned as follows: A mapping / from an n-dimensional manifold N to an n + 1-dimensional manifold B (say, of class (7°° or complex analytic) is called a front mapping if the set of regular points of / is dense in TV, and, for each point x £ TV, the images of the tangent spaces of regular points converge to a tangent hyperplane T x C Tj( x )B as regular points tend to x, and the tangent hyperplanes {T x } depend smoothly or holomorphically on the points x G TV. Then we have a C°° or holomorphic lifting f of f to the projective cotangent bundle PT*B. This lifting is an integral mapping in the sense that the image /*(T X TV) of tangent space to each point x G TV is contained in the contact distribution of PT*B. We call / the Nash lifting of /. Under this formulation, if a front mapping / is finite to one, then the image of / projects finitely to one by the projection from PT* B to B] this formulation therefore fits to the naive consideration mentioned before.
A front hypersurface or a front mapping appears also as the "graph" of a Lagrange variety ([G2] ). So we turn our attention to Lagrange varieties. In general, a subset in a symplectic manifold is called a Lagrange variety if the regular points set is open dense and it is a Lagrange submanifold, that is, the maximal dimensional integral submanifold where the symplectic form vanishes. A type of Lagrange variety in the cotangent bundle T*X of a manifold X is the graph of a closed "multivalued" one form on M. The graph of a closed one form on a manifold (in the usual sense) is an example of Lagrange submanifold of the cotangent bundle. Another important example is the conormal bundle of a submanifold: In general the conormal bundles of varieties with singularities form another class of Lagrange varieties in a cotangent bundle. (For the general theory of Lagrangian varieties, see the excellent survey [G2] .)
We shall study also Lagrange varieties through parametrizations of them. (For studies from the viewpoint of "generating families", see [Z2] [ZR] [J1] [JZ] .) A C°° or holomorphic mapping / from an n-dimensional manifold TV to a 2n-dimensional symplectic manifold (M,ω) with a symplectic form ω is called an isotropic mapping if the pullback /*ω is the zero form. In other word, an isotropic mapping is a parametrization of "integral variety" of the differential equation ω -0 on M. (For the general theory of symplectic manifolds, see [AM] [W], for instance.)
If M is the cotangent bundle T*X over a manifold X and the symplectic form ω is the exterior differential da of the canonical (Louville) form α, then, by Poincare's Lemma, there exists a function e locally in N such that the exterior differential de is equal to the pullback f*a. We call e a generating function of /. Remark that, if the singular locus of ττo / is nowhere dense, where π is the projection from T*X to X, then a isotropic lifting / is uniquely determined from its generating function. The graph of / is the front mapping (ττo/, e) from N to X x C. Notice that the Nash lifting of (ττo/, e) is equal to the integral mapping (/, e) from N to T*X x C, which is identified with an affine part of PT*(X x C).
The classification of front mappings (in the sense of [DP] ), induces the Lagrange classification of isotropic mappings through their graphs: Two isotropic map-germs / and /' are Lagrange equivalent if and only if their graphs (/,e) and (f\e'} are strict right-left equivalent and it is also equivalent to their Nash liftings are strict Legendre equivalent. Here the word "strict" means that the diffeomorphism of X x C in the usual definition of the equivalences should be an isomorphism of the additive C line bundre X x C over X.
In recent work [14] .) Then we always encounter a certain module describing the ramification of a finite mapping. We also utilize this module to classify differential equations [HIIY] . Let / be a germ of front mapping from TV, x to B Then there exists a coordinate (2/1,... ,2/ n +ι) around (J3,/(x)) such that the tangent hyperplane T x is defined by dy n +ι = 0 in Tf( x )B. If we write / = (#ι,... ,g n , h) under this coordinate, then, since / is a front map-germ, we see that dh = a\dgι + 4-β>ndg n ι for some C°° or holomorphic function-germs αi,. ., α n on N, x. We are thus led to consider the module of all functions h such that the exterior derivative of h is a functional linear combination of the exterior derivatives of g\ , . . . , g n . We call this module the ramification module of the map-germ g = (g\ , . . . , g n ).
We study on the "finiteness" of the ramification module in §1.
A classification of front mappings, Legendre varieties and Lagrange varieties under some restrictions are given in §2. (For the detailed proof, see [16] ).
Another important example of front hypersurfaces is the developable of a curve in an affine space or in an projective space: The ruled surface by the tangent lines to a space curve is called the tangent developable surface of the curve. In general the developable of a curve in (n -f-l)-dimensional projective space is defined as the hypersurface "ruled" by osculating (n -l)-subspaces to the curve. These singular hypersurfaces appear also in singular solutions of homogeneous Monge-Ampere equations and give examples for "isotropic" deformations of plane curve singularities. The developable are in some sense quite special front varieties in general. However we achieve the classification of developables for rather general cases: We give the local classification of developables in the complex category in §3. (For the similar result in C°° category, see
Hereafter all mappings, diffeomorphisms and vector fields are assumed of class C°°o r holomorphic according to the context. This paper is written under the stimulation of the Hanoi workshop: I would like to thank the organizers for the nice hospitality. I would like to thank also Professors D. Mond, S. Izumiya and J. Steenbrink for helpful information.
Ramification module
Let X be a germ of complex analytic space and g = (9ι> ι9p) : X -* • C p be a finite holomorphic map-germ. Let Ω l x denote the germ of sheaf of holomorphic differential i-forms on X. Then Ω = ΩX = ]Γ^ Ω^ is a graded differential C?χ-algebra with the differential d. Consider the graded differential ideal / generated by dg\ , . . . , dg p in ΩX. Then d : Ω// -» • Ω// is a #*(9p-homomorphism. In fact, for a form ω on X and a function a on C p , we have
We further set Tl~ = Kg/Op. We call H g (resp. ftj) the ramification module (resp. reduced ramification module) of g. We denote R g (resp. R~) the corresponding stalk at the base point of the germ X. (The notation R g is borrowed from [M'2] . In [13] To prove Theorem 1.3, we link to the unfolding theory of map-germs [GWPL] and we will recover a new aspect of the unfolding theory.
An unfolding of a map-germ g is a triple (G; i, j) of a map-germ G : R^, 0 -> R p , 0, and immersions i : R n , 0 ->• R^, 0 and j : R p , 0 -> R p , 0 such that the following is a fiber square:
. Let (G]iJ) be an unfolding of g. Then i* : E N -> E n induces i* : RG -»• R g which is a homomorphism over j* : Ep -> E P} that is, i*{(G*a)h} = g*(j*a)i*h,a£E P ,heR G .

Proof. Let h G RG . Then d(hoi) = (^ atdGt)oi = £ α/otd(G/ot) = Since each jι° g £ R g , we have d(Λ o i) belongs to ^ E n dgt. Thus hoi £ R g .
We call (G]i,j) an admissible unfolding if i* : ΛG -> Λ^ is surjective.
The following is easy to verify: LEMMA 1.5. If (G] 
. , x n _ι). TΛen α subset S of R g generates R g over E n (resp. O n ) via g* if and only if the set {ord t h(Q,t) \ h G 5}
contains {0, Ar + 2, . . . ,2Ar + 1}. 
Classification of generic front hypersurfaces
(N,PT*B) C C°°(N ί PTB).
We will give a generic classification of front mappings of kernel rank at most one in the C 00 case. We set
C^R(N, B) 1 = {fe C? R (N, B)
I kr f x < 1, for any x G N}.
Let / G Cj? Λ (JV, J3) 1 . We shall impose some genericity conditions to /. Then / is reduced to some normal form. (For this point, the reduction is valid also in holomorphic case).
First, under a genericity condition, for any x G TV, the germ f x is right-left equivalent to (g(x',i),h(x',t)) : R n ,0 -> R n x R,0 with g(x',t) = (x',u(x',t) ) where x' = (xi, . , x n _ι) and iί = e(fc+ 1) + xιe ( Remark that ord t tij(0,ί) = k + j + 1, (1 < j < k). Then we see
(xi, . . . , x/b-i,*) C # n Next we impose the generic condition on (K, w): For some -ί, O^^^n -Ar,
and that
is a submersion. Now we introduce the local models / n fc / : R n ,0 -> R n+1 ,0 by f n kt(x'^} = (^,11, A), Remark 2.2. The multiplicity of /n,jk,£ is equal to fc + 1 and the multiplicity of the Nash lifting / Λj jb } / is equal to ί-\-1. So the local models are inequivalent to each other. We call the singularity f n ,k,ι of front mapping of type Ak+1,1, when n is fixed. Then the ι )0 singularities are just the usual Ak+i singularities of wave front sets [AGV] . Thus the triviality is shown similarly as in [15] . Therefore f x = (0,ftι) is equivalent to f n ,k,ι = (<7,^o) as required.
Remark 2.4. To trivialize the family (#,Λ 5 ), we need only additive R line bundle isomorphisms R n xR -> R n ,(τ/ι, . . . ,2/ n >2/n+ι) l~> (ί/i) ?2/n) We then obtain a result on the classification of isotropic mappings through their graphs. Remark 2.6. The transversality theorem holds for integral mappings to a contact manifold and for isotropic mappings to a symplectic manifold of kernel rank at most one. Then we have the generic Legendre classification of integral mappings F : N -> PT* B of kernel rank at most one for n -dim AT ^ 3: n = 1 : AI, ^2, n -2: Moreover ^3,^2,1, n -3: Moreover A^,A$^,D±.
Singularities of developables
In [14] [15], we study the local C°° classification of singularities appearing in developables. This result unifies and generalizes the previous results of Cleave, Gaffney, du Plessis, ArnoΓd, Shcherbak and Mond. (See [MΊ] [S1] [S2] .)
Here we state the similar result in complex analytic category: Consider a holomorphic curve 7 : M -» • CP n+1 , where M is a one-dimensional complex manifold and n ^ 1. We call the germ j p at a point p £ M of finite osculation-type (or simply, of finite type) A = (αi, 02, . . . , α n +ι) if there exist a holomorphic coordinate t of (M,p) and an affine coordinate (a?ι, . . . , x n +ι) of CP n+1 centered at γ(p) such that 7 is represented by
where each α z is a natural number and 1 ^ a\ < < α n +ι . Then we write type(7 P ) = A. For each p £ M where j p is of finite type and for each ί, (0 ^ i ^ n + 1), there exists the most osculating linear subspace to 7 at p in T 7 ( p )CP n+1 of dimension i. We call it the osculating z-subspace and denote by 0i(7,p). This subspace is identified with {#, +ι -. . = χ n = 0} under the above affine representation of y p . The corresponding projective subspace of CP n+1 through j(p) of dimension i is also denoted by O»(7,p). The type of a curve describes the order of tangency to each osculating subspace, and it is the simplest local projective invariant of the curve. Further we define the osculating i-bundle Oi(j) = (7>P) * n *h e pullhack bundle γ"" 1 TCP n+1 . The natural parametrization dev(γ) : -> CP n+l defined by (p,g) ι-> q, where q € O n -ι(τ,p)(C CP n+1 ), is called also a developable of 7.
The developable of 7 is a front mapping: The Nash lifting of dev (7) to PT*CP n+1 is in fact the projective conormal bundle of the dual curve 7* : M -> cpn+i* j n the dual projective space CP n+1 * defined by 7*(p) = O n (7,p) through the identification prp+Qpn+l cat prp* Qpn+1*
The germ dev(7) p of dev (7) at (p, 0) is determined up to the projective equivalence by the projective class of j p . Instead, we consider a weaker equivalence, that is, holomorphic right-left equivalence: dev(7) p is holomorphically equivalent to dev(7 / ) ί> / if there exist holomorphic diffeomorphisms σ : O n _ι (7), (p,0) -* O n -ι(7 / ),(p, 0) and T : CP n+1 ,7(p) -> CP n+1 ,7(p) such that rodev(γ) p = dev(y) p /oσ. Then it is natural to ask whether or not a type of a curve-germ j p determines the holomorphic right-left equivalence class of map-germ dev(7)p : A type A of a curve-germ is called determinative if type(7 p ) = type(7^,) implies that dev(7) p is equivalent to dev(7 / ) p /. The following result gives the complete characterization of determinative types: r = α n +ι -a n and Remark 3.2. For plane curves, that A = (01,02) is determinative means that type(7 p ) = type(7p/) implies the curve-germs (7) ί >,(7 / )p / themselves are holomorphically equivalent, and the determinative types are (1,1 + r), r = 1,2,..., (2, 3), (3,4), (2,2m + 1), m -2,3,... and (3, 5). For space curves, the determinative types are (l,2,2 + r),r= 1,2,... , (2, 3, 4) , (1, 3, 4) , (3, 4, 5) and (1, 3, 5) .
In [S2] , it is observed that the developable of a curve of type (IV): (1,3,5) is equivalent to the variety of irregular orbits of the finite reflection group H$ in C 3 .
